In this work we use Morse theory to study the generating frames of transnormal embeddings of S m in R n . In general we start with M as a smooth compact connected m-manifold without boundary and f : M −→ R as a function whose critical points are non-degenerate. Using Morse Inequalities, we show that the generating frame of a transnormal embedding of S 1 splits into two transitive sets. Also we give a detailed proof for Robertson's conclusion [13] regarding r-transnormal embeddings of S m , m > 1.
Introduction
Let M be a smooth (C ∞ The next lemma is known as Lemma of Morse [9] .
Lemma 1 [8] 
holds throughout U where i is the index of f at p.
It follows from Identity (1) that the index of any local maximum point is m and the index of any local minimum point is 0.
Again let M be a smooth (C ∞ ) connected m-manifold without boundary but let f stands for a smooth embedding of
be the smooth map defined by η(p, ν) = p + ν. The map η is called the endpoint map.
Definition 2
The point e in R n is a focal point of (V, p) with multiplicity μ if e = p + ν where (p, ν) ∈ N and the Jacobian of η at (p, ν) has nullity μ > 0. The point e is called a focal point of V with base p and multiplicity μ if e is a focal point of (V, p) for some p ∈ V with multiplicity μ.
The theory of calculating the focal points of a manifold is as follows. The first fundamental form associated with the co-ordinate system x = (x 1 , . . . , x m ) of M is the symmetric matrix of real valued functions I = (<
The second fundamental form for the normal direction ν associated with the above co-ordinate system is the symmetric matrix of real valued functions Theorem 3 [8] The point q ∈ V is a degenerate critical point of Λ p iff p is a focal point of (V, q). The nullity of q as a critical point is equal to the multiplicity of p as a focal point.
Morse Theory
The basic idea of Morse theory is to relate the global topological properties of a manifold M with the analytical properties of real valued functions on M.
Let X be a topological space of dimension m. Let H i (X) be the ith singular homology group of X, i = 0, . . . , m. Then the ith Betti number of X, β i (X), is the rank of H i (X) and the Euler characteristic of a space
The next theorems from homology theory will be used later on. Simple explanations for them can be found in [6, 7] Theorem 4 [14] If X is a nonempty pathwise connected space, then H 0 (X) ∼ = Z. 
Theorem 5 [14] Let k be a nonnegative integer, then
is an isomorphism for all k ≥ 0. Now we introduce the well known Morse Inequalities. The necessary background for the proof of Morse Inequalities can be found in [4, 5] . Let C i denote the number of critical points of f of index i, and let β i denote β i (M). By a closed m-manifold we mean a smooth compact connected m-manifold without boundary.
Theorem 7 (Weak Morse Inequalities) [8] Let
Our first result out of Weak Morse Inequalities is the next theorem.
Theorem 9 Let M be a closed 1-manifold and f : M −→ R a Morse function.
If f has k 1 relative minimum points and k 2 relative maximum points, then
Proof: Observe that C 0 = k 1 and C 1 = k 2 . By Theorem 4, β 0 = 1. Any closed 1-manifold is homeomorphic to S 1 , and so by Theorems 5, 6, β 1 = 1. By the Weak Morse Inequalities
and so k 2 = k 1 . 2 The next result is interesting in the sense that it depends on Lemma of Morse and will be used to prove one more important result. 
Proof:
If p is a critical point of (−f ), then p is a critical point of f since
Since f is a Morse function, p is a non-degenerate critical point of f . But the Hessian matrix of (−f ) at p is
which is nonsingular, i.e p is a non-degenerate critical point of (−f ). Let p be a non-degenerate critical point of f , then by Lemma of Morse there is a local co-ordinate system (x 1 ,. . .,x m ) in a neighbourhood U of p with x i (p)=0 for all i=1,. . .,m and such that the identity
holds throughout U where i is the index of f at p. Thus
So the index of p as a non-degenerate critical point of (−f ) is m − i. 2 The next theorem explains how the situation is different from Theorem 9. For −f , we have C 0 = k 2 (Theorem 10). Since C 1 = 0, again by a similar argument we have
Thus, k 2 = k 1 = 1. Now observe that for i = 1, ..., m − 1, C i = 0, hence β i = 0. By Theorems 5,6, M is homeomorphic to S m . 2
Transnormal Manifolds
The concept of transnormality is due to S.A.Robertson [11, 12] . For a survey article see [13] . Let M be a smooth (C ∞ ) connected m-manifold without boundary and let f : M −→ R n be a smooth embedding of M into R n . Let V = f (M). Through each point p ∈ V there passes a unique m-plane T p V tangent to V at p and a unique (n − m)-plane N p V normal to V at p. Thus, there are maps T and N with T (p) = T p V and N(p) = N p V .
Definition 3 [11] The m-manifold V is transnormal in
We define an equivalence relation on V by writing p ∼ q to mean q ∈ N(p). The factor space V / ∼ can be identified with the space of normal planes to V , say W . Also N : V → W is a covering map [11] . A detailed proof of the fact that N is a covering map was given by Wegner [15] . Wegner showed that for any transnormal embedding V in R n , the order of N is always finite [16] . If V is transnormal in R n and the order of N is r, then V is called an r-transnormal manifold.
Definition 4 The generating frame of V at p is φ(p) = V ∩ N(p).
If V is an r-transnormal manifold, then the cardinality of φ(p) is r. Recent work done on transnormality is due to K.Al-Banawi and S.Carter concerning transnormal curves [1] and transnormal partial tubes [2] . Most recently, K.Al-Banawi has introduced a study for the geometry of focal points of 4-transnormal tori in R 4 [3] .
Transitive Action
If β : I −→ W is a path joining w 1 to w 2 in W such that w 1 = β(0) and w 2 = β(1), then not only does β lift uniquely to α p from any p ∈ φ(p 1 ), but the paths α p , p ∈ φ(p 1 ), also determine an isometry
given by F (p) = q ∈ φ(q 1 ) where q = α p (1). Since V is connected, all the generating frames of V are isometric to one another, and so for some p 1 ∈ V , φ(p 1 ) means the generating frame of V at any p ∈ V . Now on choosing the path β to be a closed path, the induced map F will be an isometry of the generating frame φ(p 1 ) onto itself. Since V is connected, the fundamental group π 1 (W ) acts transitively on the generating frame φ(p 1 ) [7] . That is, for all p 1 , p 2 ∈ φ(p 1 ) there is an isometry g in the set of isometries of φ(p 1 ) such that g(p 1 ) = p 2 . Thus, the generating frame of a transnormal manifold admits a transitive group of isometries of φ(p 1 ) as a result of the homomorphism h :
where ISOφ(p 1 ) is the group of isometries of φ(p 1 ). If G = h(π 1 (W )), then G acts transitively on φ(p 1 ), and so the generating frame φ(p 1 ) lies on a Euclidean
Again if Λ p is the distance function at p ∈ V , then Λ p has a critical point at q iff q−p is in N(q). Thus, the set of critical points of Λ p is the generating frame φ(p). Using Morse theory [8] , Robertson proved that no transnormal manifold meets its focal points, and so, by Theorem 3, φ(p) is the set of non-degenerate critical points of Λ p [11] . By Theorem 1, if V is a compact r-transnormal manifold, then r is even.
Transnormal Embeddings of S m
Our next theorem uses the above transitive argument to split the generating frame of a transnormal embedding of S 1 . 
Theorem 12 Let
If F (q 1 ) ∈ φ p 0 , then there is no focal point on the line segment connecting q 1 and F (q 1 ). Since the index of a critical point varies continuously, there is no focal point on the line connecting α(t) and β(t) for all t ∈ [0, 1]. In particular, there is no focal point on the line segment connecting q 2 and F (q 2 ), i.e.
, then there is one focal point on the line segment connecting q 1 and F (q 1 ). So there is one focal point on the line connecting α(t) and β(t) for all t ∈ [0, 1]. In particular, there is one focal point on the line segment connecting q 2 and F (q 2 ), i.e. F (q 2 ) ∈ φ 2 Regarding transnormal embeddings of S m , m > 1, Robertson had studied it briefly [13] . We finish this work by explaining his ideas using Morse theory.
If V is a 2-transnormal closed m-manifold in R n ,m > 1,then the distance function on V has only two non-degenerate critical points, which are one relative minimum and one relative maximum. By Theorem 11, V is homeomorphic to S m .
Since N: V −→ W is an r-fold covering, we have χ(V ) = rχ(W ) [6] . Also C 0 > 0 so that −r < χ(V ) ≤ r, and hence −1 < χ(W ) ≤ 1. So χ(W ) = 0 or χ(W ) = 1. Thus, for a compact r-transnormal manifold in R n either χ(V ) = 0 or χ(V ) = r [12] . Thus, any transnormal embedding of S 2m , m ≥ 1, has order 2. Of course, S 2m+1 , m ≥ 1, has transnormal embeddings of order 2, but there is still nothing to say if the order is always 2, or not.
